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Abstract
We have studied the relativistic Kelvin circulation theorem for ideal Magnetohydrodynamics.
The relativistic Kelvin circulation theorem is a conservation equation for the called T -vorticity,
We have briefly reviewed the ideal magnetohydrodynamics in relativistic heavy ion collisions. The
highlight of this work is that we have obtained the general expression of relativistic Kelvin circu-
lation theorem for ideal Magnetohydrodynamics. We have also applied the analytic solutions of
ideal magnetohydrodynamics in Bjorken flow to check our results. Our main results can also be
implemented to relativistic magnetohydrodynamics in relativistic heavy ion collisions.
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I. INTRODUCTION
Ideal magnetohydrodynamics (MHD) has been widely used in astrophysics and plasma
physics. Recently, it has also been applied to the relativistic heavy ion collisions. In rel-
ativistic heavy ion collisions, two nuclei collides with each other and generate an extreme
strong electromagnetic fields. The order of the magnetic fields can be 1017−1018Gauss [1–4].
Many novel quantum transport effects have been introduced and studied in such strong
electromagnetic fields. The most important phenomenon is named the chiral magnetic effect
[5–7]. It means that the magnetic fields can induce a charge current. The microscopic theory
for chiral magnetic effect is the quantum kinetic theory for the massless fermions, named
chiral kinetic theory [8–16]. Besides, there are many other quantum transport phenomena.
For example, chiral electric separation effect means that the magnetic fields can also induce
the chiral current [17–20]. Very recently, it has been found that chirality production has a
deep connection to the famous Schwinger mechanism [21, 22]. We have used the world-line
formalism to obtain the mass correction to the axial Ward identity [23] and found that the
chirality production rate is the Schwinger pair production rate. We have also discussed the
other nonlinear effects coupled to the electromagnetic fields [16, 18, 20, 24]. One can find
more the references therein.
On the other hand, there are also several studies on the analytic solutions of MHD.
Very recently, we have also obtained several analytic solutions for the ideal MHD. In Ref.
[25, 26], we have derived the solutions for the ideal MHD with transverse magnetic fields in
a Bjorken flow with and without magnetization effects. In Ref. [27, 28], we have extended
the discussion to the 2+1 dimensional Bjorken flow with transverse expansion. We have also
discussed the possible modification on v2 induced by the magnetic fields in Ref. [29]. Later,
we have obtained the analytic solution for the anomalous MHD with transverse magnetic
fields in the presence of the chiral magnetic effects and chiral anomaly [30].
In relativistic heavy ion collisions, the called T -vorticity is found to be conserved due to
the relativistic Kelvin circulation theorem [31–33]. In Ref. [31, 32], authors have proved that
in the ideal hydrodynamics without conserved charged particles the the circular integration of
T -vorticity is proved to be conserved, which is called relativistic Kelvin circulation theorem.
Later, in Ref. [33], we have extended the discussion to the dissipative hydrodynamics.
In the work, we will extend the discussion on the relativistic Kelvin circulation theorem
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to the ideal MHD.
The organization of the paper is as follows. In Sec. 2 we will briefly review the ideal
MHD. In Sec.3 we have derived the general expression for the relativistic Kelvin circulation
theorem for the ideal MHD. We will conclude and discuss in Sec.4 and Sec. 5.
Throughout this work, we will use the metric gµν = diag{+,−,−,−}, thus, the fluid
velocity satisfies uµuµ = 1, and the orthogonal projector to the fluid four-velocity is ∆
µν =
gµν − uµuν . We also choose Levi-Civita tensor satisfying ǫ0123 = −ǫ0123 = +1.
II. IDEAL RELATIVISTIC MAGNETOHYDRODYNAMICS
In this section, we will review the ideal MHD. For more detials, one can see Ref. [25–
28, 30].
In relativistic hydrodynamics, the electromagnetic strength tensor F µν will be decom-
posed by the fluid velocity uµ,
F µν = Eµuν − Eνuµ + ǫµναβuαBβ, (1)
which gives,
Eµ = F µνuν , B
µ =
1
2
ǫµναβFαβ . (2)
Generally, we can parametrize the velocity as, uµ = γ(1,v),with γ being 1/
√
1− |v|2. We
can prove that,
u · E = u · B = 0. (3)
In the comoving frame of a fluid cell, i.e. local rest frame, uµ = (1, 0), the Eµ and Bµ will
reduce to
Eµ = (0,E), Bµ = (0,B). (4)
The ideal MHD includes the energy-momentum and charge conservation equations cou-
pled to the Maxwell’s equations.
The energy-momentum conservation is given by,
∂µT
µν = 0, (5)
where T µν is the energy-momentum tensor. In an ideal fluid, this tensor can be decomposed
as two parts,
T µν = T µνmatter + T
µν
EM . (6)
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The first term is the part for the matter
T µνmatter = (ǫ+ P )u
µuν − (P +Π)gµν + πµν , (7)
where ǫ, P are energy density and pressure. Π and πµν denote the bulk pressure and shear
viscous tensor, respectively. In the first order relativistic hydrodynamics, Π and πµν can be
parameterized as,
Π = ζ(∂ · u), (8)
πµν = 2η[
1
2
∆µα∆νβ +
1
2
∆να∆µβ
−1
3
∆µν∆αβ]∂αuβ, (9)
where ζ and η stand for the bulk and shear viscosities, respectively. The projector is defined
as,
∆µν = gµν − uµuν. (10)
It is easy to prove that
∆µνuν = ∆
µνuµ = 0,
∆µα∆να = ∆
µν . (11)
where we have used that uµuν = 1.
Both Π and πµν are dissipative effects. In an ideal fluid, all the dissipative terms vanish,
i.e. Π = 0 and πµν = 0.
The second part for the energy-momentum tensor comes from the electromagnetic fields,
T µνEM = −F µλF νλ +
1
4
gµνF ρσFρσ
= −EµEν − BµBν + (E2 +B2)uµuν
−1
2
gµν(E2 +B2) + uµǫνλρσEλuρBσ
+uνǫµλρσEλuρBσ, (12)
where
E2 ≡ −EµEµ,
B2 ≡ −BµBµ. (13)
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Inserting Eq.(1) into the above equation yields,
T µν = (ǫ+ p+ E2 +B2)uµuν
−(p + 1
2
E2 + 1
2
B2)gµν
−EµEν −BµBν
+uµǫνλρσEλuρBσ
+uνǫµλρσEλuρBσ. (14)
The charge conservation equation reads,
∂µj
µ = 0. (15)
The charge current jµ can be decomposed as,
jµ = nuµ + σEµ, (16)
where n is the electric charge density and σ is the electric conductivity.
For simplicity, we consider a charge neutral fluid, i.e.
n = 0. (17)
In order to simplify the calculations, we will use the ideal MHD limit. The ideal MHD
limit means that the electric conductivity is infinite, i.e.
σ →∞. (18)
To avoid the divergence in σEµ term in Eq. (16), the four vector form of Eµ must vanish,
Eµ = 0. (19)
In the ideal limit, i.e. Eµ = 0, the energy-momentum tensor in Eq.(14) reduces to,
T µν = (ǫ+ P +B2)uµuν − (P + 1
2
B2)gµν −BµBν
(20)
Now, we will discuss the covariant form of Maxwell’s equation,
∂µ(ǫ
µναβFαβ) = 0,
∂µF
µν = jν . (21)
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In ideal MHD, the covariant equations for magnetic fields are given by,
∂ν(B
µuν −Bνuµ) = 0. (22)
In the local rest frame, i.e. uµ = (1, 0), the above equation reduces to
d
dt
B+B(∇ · v)− (B · ∇)v = 0. (23)
Contracting Eq. (22) with uµ, yields,
∂µB
µ = −Bµ(u · ∂)uµ, (24)
which gives
∇ ·B = 0, (25)
in the local rest frame. Contracting Eq. (22) with Bµ, yields,
1
2
(u · ∂)B2 +B2(∂ · u) +BµBν∂νuµ = 0. (26)
The thermodynamical relations reads,
ǫ+ p = Ts+ µn, (27)
where T, s, µ, n are temperature, entropy density, chemical potential and charge number
density, respectively. In our case, since we have considered the charge neutral fluid n = 0,
the thermodynamical relation becomes,
ǫ+ p = Ts. (28)
Its differential form is given by,
dǫ = Tds,
dp = sdT. (29)
III. RELATIVISTIC KELVIN CIRCULATION THEOREM
In the section, we will derive the general expression for the relativistic Kelvin circulation
theorem for ideal MHD.
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The projection of Eq. (5) along the velocity uν reads,
uν∂µT
µν = 0. (30)
Inserting Eq. (20) into above equation yields,
(u · ∂)ǫ+ (ǫ+ p)(∂ · u)
+ (u · ∂)1
2
B2 +B2(∂ · u)
− uµ(B · ∂)Bµ = 0, (31)
where we have used, u · B = 0. Applying Eq. (26), we eventually obtain,
(u · ∂)ǫ + (ǫ+ p)(∂ · u) = 0. (32)
Using the thermodynamical relations (28, 29), we get,
∂µ(su
µ) = 0. (33)
We can take a volume integral over Eq.(33) and obtain that
dS
dt
=
ˆ
V
d3x∂µ(su
µ) = 0, (34)
where S is the total entropy for the whole system. The above equation mean the total
entropy is conserved.
Another equation for the energy-momentum conservation is
∆αν∂µT
µν = 0, (35)
which gives us,
(u · ∂)uα = 1
(ǫ+ p+B2)
[∆να∂ν(p+
1
2
B2)
+ ∆µα(B · ∂)Bµ +Bα(∂ · B)]. (36)
It tells us that the magnetic field may accelerate the fluid velocity. However, in our previous
work [25–28, 30], we have found a kind of force-free type configuration for the magnetic
fields. In such cases, the fluid velocity will not be acceptilated.
We can also rewrite the T µν as,
T µν = (Ts+B2)uµuν − (P + 1
2
B2)gµν − BµBν . (37)
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Eq. (5) reads, with the help of Eq. (28),
suµ∂µ(Tu
ν)− ∂ν(P + 1
2
B2)
+ ∂µ(B
2uµuν)− ∂µ(BµBν) = 0. (38)
Using the thermodynamic relation (28, 29) again, we get,
uµ∂µ(Tu
ν)− ∂νT
=
1
s
[
∂ν(
1
2
B2)− ∂µ(B2uµuν) + ∂µ(BµBν)
]
. (39)
For convenience, we can introduce an antisymmetric T -vorticity tensor Ξµν by [31–33],
Ξµν = ∂ν(Tuµ)− ∂µ(Tuν), (40)
which is like F µν in an electromagnetic field. In this case, we can use a compact form to
rewrite Eq. (39),
Ξµνuν
=
1
s
[
∂µ(
1
2
B2)− ∂ν(B2uµuν) + ∂ν(B2bµbν)
]
. (41)
Now, we will discuss the integral form of the T -vorticity. By introducing the proper
time τ with the relation d/dτ = uµ∂µ, the above equation can be expressed as a circulation
integral along a covariant loop L(τ),
d
dτ
˛
L(τ)
Tuµdxµ
=
˛
L(τ)
d
dτ
(Tuµ)dxµ
=
˛
L(τ)
uν∂ν(Tu
µ)dxµ
=
˛
L(τ)
Ξµνuνdxµ
=
˛
L(τ)
1
s
[
∂ν(
1
2
B2)− ∂µ(B2uµuν) .
+ ∂µ(B
2bµbν)
]
dxν (42)
In the first line, the differential acts on the dxµ is nonzero, i.e. d
dτ
dxµ = d
(
dxµ
dτ
)
= duµ =
dxν∂νu
µ, but it vanishes since uµ∂νuµdx
ν = 0. In the second line we have used the Stokes
theorem, ˛
L(τ)
∂µTdxµ =
˛
S
[∂µ∂νT − ∂ν∂µT ]dσµν = 0. (43)
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Eq. (42) is the relativistic Kelvin circulation theorem for ideal MHD. It means that the
magnetic fields may modify the T -vorticity consideration.
IV. DISCUSSION
We will apply the main result in Eq.(42) to the one of the analytic solution found in Ref.
[25, 26].
In our work [25, 26], we consider the ideal MHD with transverse magnetic fields in a
Bjorken flow. The Bjorken flow means that the fluid velocity is given by,
uµ = (
t
τ
, 0, 0,
z
τ
), (44)
where τ is the proper time defined as,
τ =
√
t2 − z2. (45)
All the thermodynamic quantities, such as energy density, pressure, temperature, entropy
density etc., will only depend on the proper time. The magnetic fields decays as,
Bµ = (0, 0, B0
τ0
τ
, 0), (46)
where B0 and τ0 are the initial magnetic field and initial proper time, respectively.
Inserting this solution into Eq. (42), we find that the
d
dτ
˛
L(τ)
Tuµdxµ = 0. (47)
for this special solutions. In this case, the T -vorticity is still conserved.
V. CONCLUSION
In this paper, we have derived the general expression for the relativistic Kelvin circulation
theorem for ideal MHD. Firstly, we have briefly reviewed the conservation equations and
Maxwell’s equations in the ideal MHD. We introduce the ideal limit for MHD, i.e. the
electric conductivity is infinite. In this limit, the Eµ vanishes to ensure the charge current
finite. Then, we have rewritten the energy-momentum conservation equation by using the
thermodynamic relations. We have also introduce the T -vorticity, Ξµν in Eq.(40). Next, we
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have derived the relativistic Kelvin circulation theorem for ideal MHD shown in Eq. (42).
At last, We have also checked the results for the ideal MHD in a Bjorken flow.
In the future, we will extend the discussion to the normal MHD and anomalous MHD.
We can also consider the magnetization effects in this framework.
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